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We explore the consequences of including the repulsive three-particle interaction in the model of
Bose–Einstein condensate dark matter model or fuzzy dark matter. Such a model based on properly
modified Gross–Pitaevskii equation is intended to describe the distribution of dark matter particles
in the highly dense regions, which correspond to the galaxy core and/or to the overlap of colliding
galaxies. Specifically, we deal with the φ6-model in terms of the macroscopic wave function of the
condensate, where a locality of interaction is guaranteed by a large correlation length assumed to
hold. After calculation of main thermodynamical characteristics, we find strong evidence of the
existence of two distinct phases of dark matter, within its core, separated by the instability region
lying between two differing special values of the pressure acting in the model. Some implications
stemming from the existence of two phases and the related first-order phase transition are discussed.
PACS numbers: 95.35.+d, 03.75.Hh, 05.70.Ce, 05.70.Fh
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I. INTRODUCTION
The notion of dark matter (DM), though being rather
old one [1, 2], is a widely accepted concept nowadays.
A support in favor of its existence stems from both
gravitational-lensing observation and the data on galaxy
rotation curves. But, despite a vast amount of theoret-
ical (and experimental) studies, the ultimate nature of
DM remains still unknown.
In the last two decades or more, among a diversity of
approaches to DM, ever-increasing attention is focused
on a class of DM models known as Bose-Einstein con-
densate (BEC) dark matter (also named “fuzzy DM” or
FDM, “quantum wave-function DM” or ψDM models,
scalar-field dark matter, ultra-light dark matter), see [3–
5] as well as the reviews [6–11] with numerous references
therein. Also, superfluid dark matter models [12, 13] are
closely related to this class.
Main point/feature of this class of models is that DM
constitutes a BEC subjected a long range correlation.
There are some variations within this class, depending on
(i) the the sort and the values of mass of fuzzy DM con-
stituents, ranging from 10−32 eV to 10−21 eV and even
higher in some cases, and on (ii) whether self-interactions
are neglected [3, 5] or the DM particles experience some
repulsive self-interaction, small or not, quartic [14, 15] or
more complex. (The case with neglected self-interactions
is the most restrictive one and requires the mass of
FDM to be 10−22 eV for the DM core stability; on the
other hand, more freedom is admitted when certain self-
interactions are taken into account.) Among the explored
self-interactions we encounter, besides the most popular
quartic one, also the logotropic [16], cos- and cosh-type
ones [17–20]. The studies of the role of diverse (orders, at-
tractive/repulsive cases of) self-interactions of ultralight
scalar DM particles are of utmost importance.
The FDM class surpasses the cold dark matter mod-
els (CDM) models [21] in the sense that it succeeds to
resolve those problems of CDM that appear at the small
(i.e. galactic or subgalactic) scales. In particular, it
was shown that the BEC DM scenario of DM, exploit-
ing Gross–Pitaevskii (GP) equation related with quartic
term in the self-interaction scalar potential, jointly with
the Poisson equation, enable to overcome [22, 23] the
well-known cusp/core problem of CDM models. Besides,
the intrinsic tools of the BEC DM models are efficient
enough to properly treat the gravitational collapse issue
of the BEC dark matter halos, see e.g. [20, 24]. The very
important observational realm of the galactic rotation
curves can as well be described with very good agree-
ment [15, 24–30, 40]. In a number of works, the BEC DM
predictions are tested with the galaxies kinematic obser-
vations using galaxies of diverse morphologies. It starts
from studying of ultra-compact dwarf (UCD) galaxies
[31], wherein the new scenario of UCD origin was pro-
posed in the framework of BEC DM; or the sample of
eight brightest dwarf spheroidal satellites of Milky Way,
which was considered to constrain BEC halo size in the
model of BEC DM within the Thomas–Fermi approxima-
tion [25]. The model was applied as well to the largest
galaxies such as Milky Way, that together with 12 nearby
dwarf galaxies from SPARC are used to test astrophysi-
cal effect of BEC DM halo rotation [26]. It is worth to
mention that SPARC database of disk galaxies of Hub-
ble type from H0 to Irr (note, the most of galaxies be-
longs to low surface galaxies class) is frequently used to
compare BEC DM predictions with the observed galax-
ies kinematics. The samples of 12 dwarf galaxies from
SPARC [27] and 139 galaxies of different types selected
from the database according to the data quality [28] are
fitted well by the slowly rotating BEC DM model. Be-
sides, the BEC DM with super-massive black hole in halo
center was compared to NFW density profile by fitting of
20 SPARC galaxies with the desired accuracy of data [29],
2the both models describe the observations well, but it is
not clear which of two models is preferred by the data.
In addition, FDM is believed to manage success-
fully the important theme of core mass-halo mass rela-
tion [20, 30, 32]. In general, the BEC approach to mod-
eling DM, based on (modified versions of) the Gross–
Pitaevskii–Poisson system, helps to describe the known
and reveal possible new features or phenomena charac-
teristic of DM core and halo.
It is worth to note that diverse types of Bose like
DM candidates (satisfying BEC paradigm) have been
studied in the literature: besides the widely explored
usual unspecified bosons, there are rather popular ax-
ions (with masses ranging from 10−20 eV to 1 eV) [33–
37], the Stueckelberg bosons [38], or even the massive
gravitons [39, 40] (for different bounds on graviton mass,
see e.g. [41]). Moreover, in some recent papers, specific
versions of deformed bosons (obeying statistics differ-
ing from the pure Bose one) are explored in the role of
DM particles [42–45], and these are admitted thanks to
the fact of existence of condensate phase analogous to
usual BEC. Note that the description of galactic rota-
tion curves obtained within the particular so-called µ-
deformed approach turns out to be quite successful [44],
even without taking into account the visible (baryonic)
component of galaxies.
Recently, the interest is drawn to the role of six-
order repulsive self-interaction term in the scalar poten-
tial within the BEC framework. Due to sextic term, the
situation qualitatively changes [46]. In particular, this
can lead to nontrivial phase structure of the core in the
central part of DM halo. Let us mention the work of
Chavanis [17] which has demonstrated the existence of
two phases — one “dilute” and the other “dense” — pic-
tured through the mass-radius relation (note that this
was done in the context of axion stars, with only short
remark added that analogous features can occur in the
system of axionic DM).
The goal of our paper is to explore main consequences
of including the (repulsive) sextic self-interaction term
in the potential of gravitating BEC dark matter model.
Basic aspect of our study consists in dealing not with
the system of Gross–Pitaevskii (GP) and Poisson equa-
tions, but with single properly modified form of the GP
equation in which the gravitational potential enters non-
locally, through the action of inverse Laplacian. That
suggests the extensive usage of numerical methods to
study the density profiles of the BEC dark matter along
with their stability properties. On their base, we are able
to obtain the major thermodynamical functions of BEC
DM. Detailed analysis of the latter, especially of their
mutual dependencies, yields the most valuable informa-
tion about the appearing phases (stable, meta-stable, and
unstable regions) and the presence of first-order phase
transition.
The paper has the following structure: in Sec. 2, main
arguments in favor of the adopted particular choice of the
model are presented, with special attention to the role of
sixth order repulsive self-interaction term in the poten-
tial of fuzzy or BEC dark matter. In Sec. 3, within the
appropriately modified version of the Gross–Pitaevskii
equation we treat the sextic self-interaction term jointly
with (the potential of) gravitational interaction employed
in a non-local fashion. Due to the latter circumstance,
we deal with single equation instead of the nonlinear
Schro¨dinger–Poisson system. As an important step of the
whole analysis, we restrict ourselves with the Thomas–
Fermi approximation (when, due to sending ~ → 0, ki-
netic term is eliminated). Then, the complete form of the
model is explored in Sec. 4. Namely, with inclusion of
quantum processes, the calculation of the relevant ther-
modynamical functions is performed. On this base, in
Sec. 5 we establish the existence of, and analyze in de-
tail, the two distinct phases that are realized in the dark
matter core. The final section is devoted to discussion of
implications, concluding remarks and outlook.
II. CONSTRUCTING A MODEL
In this Section, we present the criteria that allow us to
formulate a model of dark matter (together with the con-
ditions of its applicability), which we then further study.
Our arguments stem from a comparison of empirical data
for galaxies and the properties of some theoretical models
of dark matter formed by Bose particles (and fields).
A. The Scaling Criterion for Interactions
As a kind of the criteria that justifies the ability of a
theoretical model to describe observables, we use scaling
reasonings. By implementing the scaling in practice, we
intend to choose a more realistic model for our study.
Considering a sample of observed galaxies in a wide
mass range, it allows us to relate core size r0 and mass
density ρ0 in the center. Such a relation is found to be
close to ρ0 ∝ r−β0 with β ≈ 1. In fact, β = 1.3 for the
studied galaxies sample. A close result is obtained in [47]
from analysis of dwarf spheroidal galaxies, which gives a
similar correlation between halo radius and mass density,
that is, ρ0 ∝ r−1.20 .
Let us first review the scaling relations of fuzzy
dark matter (FDM), where DM particles are described
by complex-valued wave-function ψ(r) e−iγt/~ and in-
dividual mass m. Accordingly to FDM, stationary
Schro¨dinger–Poisson equations are
γ ψ = − ~
2
2m
∆ψ +mVgr ψ, ∆Vgr(r) = 4πGρ(r), (1)
where ∆ is a Laplace operator; ρ = m|ψ|2.
The system possesses exact scaling symmetry with pa-
rameter λ:
r → λ−1r, ρ→ λ4ρ , ψ → λ2ψ, γ → λ2γ . (2)
3It leads to the scaling relation ρ0 ∝ r−40 between DM
halo radius r0 and central density ρ0. As it is shown
in [23], this relation strictly contradicts the observations.
Indeed, β = 4 is far from β = 1.3 already noted above.
Although, a realistic model should be applicable to the
DM description, as is expected, for a large sample of
galaxies, but not only exceptions.
An important conclusion results from the FDM model:
In order to reach β ≃ 1 we need to take self-interaction
among DM particles into account.
Including repulsive or attractive ψ4 self-interaction
into the FDM model, the scaling relation takes the form
with β = 2 for a large range of disk size, that is close to
the value derived in [23]. However, the solutions found
are unstable and thus do not resolve the issue. Never-
theless, there is a possibility to obtain stable solutions
in the required range of parameters, combining repulsive
and attractive potentials in some way to prevent a halo
collapse or outward flow of particles.
Continuing the analysis, let us now test ψ6-model in
details. Clearly, the FDM equation with repulsive ψ6
term does not obey the scaling symmetry (2) any more
as well as any other scaling relations. Thus, it becomes
more complicated to find relation between r0 and ρ0.
We are forced to apply a hint, indicating that solu-
tion of problem can be found within the framework of
ψ6-model. Following [37], we estimate contribution of
several terms to a total energy of halo using an expo-
nential ansatz. This trick has already been used in the
literature to study a stability of scalar field DM halos.
Thus, let the total energy E (in infinite volume, with
its element dV (r) = 4πr2 dr) and its density E of spher-
ically symmetric DM halo be
E =
∫ ∞
0
E(r) dV (r), E = Eq + Eint + Egr, (3)
where
Eq = ~
2
2m
∣∣∣∣dψdr
∣∣∣∣
2
, Eint = U
3
|ψ|6, Egr = 1
2
ρ Vgr. (4)
The wave-function ψ is normalized so as to give the total
number of particles N :
N =
∫ ∞
0
|ψ(r)|2 dV (r). (5)
Further, we adopt the3 exponential ansatz for ψ:
Φ(r) =
√
N
πr30
e
− r
r0 , (6)
which satisfies (5).
This is a simple ansatz to simulate field behavior in
the inner region when an exact solution is unknown. It
is valid in the range of r . rs for some finite rs, but
breaks down in the outer region.
Substituting (6) instead of ψ into (3), one gets
E = a
N
r20
+ b
N3
r60
− c N
2
r0
, (7)
a =
~
2
2m
, b =
U
81π2
, c =
5Gm2
16
. (8)
To calculate the action of operator ∆ and its inverse on
function f(r) in the spherically symmetric case (what is
needed for finding Vgr), it is enough to use their radial
parts defined as
∆rf(r) = ∂
2
rf(r) +
2
r
∂rf(r), (9)
∆−1r f(r) = −
1
r
∫ r
0
f(s) s2 ds−
∫ R
r
f(s) s ds. (10)
where R is radius of the ball, where the matter is located.
We put R→∞ here.
Energy E can be presented in the form:
E = b
N
r60
(N −N−)(N −N+), (11)
N± =
c r50
2b
[
1±
√
1− 4ab
c2r60
]
> 0. (12)
In the bound state, it should be −∞ < E < 0 what leads
to condition N− < N < N+. Evaluating N as geometric
mean
√
N−N+, we obtain that N ∝ r20 .
Now we can estimate the central density:
ρ0 ∝ N
r30
∝ r−10 . (13)
This dependence with β = 1 is obtained through a
series of rough approximations and does not claim to be
a final answer. However, the estimation obtained here is
encouraging and stimulates us to study the model with
potential ψ6.
B. “Core+Tail” Profile
Since the ψ6-model actually takes into account the
three-particle interaction that is relevant under certain
conditions in a small region of space (like a core), finding
the distribution of dark matter in a large region of space
requires an extension of the model. To extend this, we
borrow ideas already applied to other models.
The large-scale structure simulation within the ψDM
model shows that there are structures (like filaments and
voids) which are similar to the CDM outcomes. At the
same time, DM distribution on a smaller, galactic scales
differs due to the wave nature of ψDM. Its prominent
feature is formation of the coherent standing waves of
DM that form a flat core in the center of galactic DM
halo. Such cores are described very well by the soliton-
like solution of Schro¨dinger–Poisson equation also known
as boson star solution. These cores are also surrounded
4by an envelope of incoherent phase, that mimics Navarro–
Frenk–White (NFW) profile [8, 48].
Therefore, ψDM profile is often represented as
ρ(r) = ρcore(r) θ(ra − r) + ρNFW (r) θ(r − ra) , (14)
where θ(r) is a Heaviside theta-function. At the point
r = ra, we require ρcore(ra) = ρNFW (ra). Value of ra is
selected, for instance, to relate the mass of central soliton
to the mass of whole DM halo as
Ms ∝M1/3halo . (15)
This relation occurs in [32, 48] and reflects also equality
of the energy per unit mass for the central core and the
NFW envelope [30].
FIG. 1: The numerical FDM core solution with the NFW
outer part.
A particular “extension” (14) of the FDM model,
which is described by
−∆rψ(r) + Ugr(r)ψ(r) = γ˜ ψ(r), (16)
Ugr(r)
1.106
= −1
r
∫ r
0
ψ2(s) s2 ds−
∫ ∞
r
ψ2(s) s ds, (17)
is sketched in Fig. 1 for central density ρ0 = 0.15M⊙/pc
3
and particle mass m = 10−22 eV/c2.
We would like to prove that a form (14) of DM profile,
consisting of both soliton-like solution to the field equa-
tions in the inner region and NFW tail in the outer region
of halo, remains correct for the self-interacting field. It
is justified by evaluating the contribution of each term
to the total energy. The same can be done by consid-
ering a ratio of these terms in the Schro¨dinger–Poisson
equations.
Let us consider the decay rate g(r) for the self-
interaction Eint with respect to the gravitational term
Egr, which are given by (4). Thus, we introduce
g(r) =
q(r)
q(0)
, q(r) =
Eint(r)
Egr(r) . (18)
Evaluating g(r), we use (6) again and obtain
g(r) =
Vgr(0)
Vgr(r)
e
−4 r
r0 ≃ r
r0
e
−4 r
r0 , r > r0. (19)
On the other hand, there is the inner region r < rs
with g(r) ∼ 1, where rs is some characteristic radius.
This region should contain rather 1/4 of total halo mass
like in a non-interacting field model.
Since g(1.2 r0) ≈ 0.01 and g(1.9 r0) ≈ 0.001, self-
interaction can be neglected with a high accuracy in the
outer region of halo. At the same time, the NFW ap-
proximation remains valid for the outer part of halo even
in the case of a self-interacting field.
III. THE CASE OF TOMAS–FERMI
APPROXIMATION
Although the distribution (14) is promising from the
point of view of observations, a ψ6-model and its prop-
erties are of independent interest. In fact, we intend to
study the boson subsystem formed by gravity and three-
particle interaction, which can prevail at a high particle
density in a small region of space like a galactic core.
Let us start from a macroscopic model of gravitating
Bose–Einstein condensate with three-particle interaction,
limiting ourselves by the spherically symmetric case and
by the absence of hydrodynamic flows.
Introducing a constant chemical potential µ˜, we will
describe the condensate by real function ψ(r) of radial
variable r = |r|. Thus, a starting point of our study is
the energy functional in a ball B = {r ∈ R3| |r| ≤ R}:
Γ = 4π
∫ R
0
[
~
2
2m
(∂rψ(r))
2 +mψ2(r)Vext(r)
+
U
3
ψ6(r)− µ˜ψ(r)2
]
r2 dr; (20)
∆rVext(r) = 4πGm|ψ(r)|2, (21)
where ∆r is the radial part of Laplace operator (9).
For the sake of simplicity, let us introduce dimension-
less variables:
ψ(r) =
√
̺0 χ(ξ), r = r0 ξ,
A = 4π
Gm3̺0r
4
0
~2
, B = U
̺20r
2
0m
~2
, u = µ˜
mr20
~2
, (22)
where χ(ξ) is a real dimensionless field; ̺0 and r0 char-
acterize typical measures of the central particle density
and the system size, respectively.
Thus, we arrive at
Γ
Γ0
=
∫ ξB
0
[
1
2
(∂ξχ)
2 − uχ2 +Aχ2ϕ+ B
3
χ6
]
ξ2 dξ,
Γ0 =
4π~2r0̺0
m
, ∆ξϕ(ξ) = χ
2(ξ), (23)
where R = r0ξB ; ∆ξ and ∆
−1
ξ are given by (9), (10) in
terms of ξ, replacing r.
It is useful to evaluate immediately the range of model
parameters. Turning to the known data for galactic cores,
we assume that the central mass density ρ0 = m̺0 is of
the order of magnitude 10−20 kg·m−3 and the light-boson
5mass m is of the order of 10−22 eV/c2. Further, we use a
definition of parameter A to determine the characteristic
radius r0, defining a total radius R = r0ξB . One obtains
r0 ≃ 0.824 kpc ·
[
A
10
]1/4
·
[
mc2
10−22 eV
]−1/2
·
[
ρ0
10−20 kg ·m−3
]−1/4
. (24)
Since the realistic values of r0 are smaller than 1 kpc,
we estimate the measure of gravitational interaction as
A ∼ 10. Note that (24) cannot be regarded as relation
between r0 and ρ0 discussed in the previous Section.
While the gravity looks like a cumulative effect of a
whole system, (thermo)dynamics of internal processes
is strongly determined by repulsive interaction among
bosons, represented by parameter B > A.
The characteristic energy density is ε0 = ~
2̺0/(mr
2
0).
Combining this formula with (24), one gets
ε0 ≃ 33.82 eV · cm−3 ·
[
A
10
]−1/2
·
[
mc2
10−22 eV
]−1
·
[
ρ0
10−20 kg ·m−3
]3/2
. (25)
In the pressure units, 33.82 eV · cm−3 ≃ 5.42 · 10−12 Pa.
A detailed analysis of the model based on Γ will be
performed in the next Section. However, before exploring
the model in most general situation and in order to get
an idea of the basic properties of the model, we first turn
to the Thomas–Fermi approximation (at ~→ 0):
ΓTF
Γ0
=
∫ ξB
0
[
−u η +Aηϕ+ B
3
η3
]
ξ2 dξ, (26)
where η(ξ) = χ2(ξ) determines a local particle density.
The particle distribution η(ξ) is found by extremizing
functional ΓTF, δΓTF/δη(ξ) = 0, that gives us an integral
equation:
Bη2(ξ) +Aϕ(ξ) − u = 0, ϕ(ξ) = ∆−1ξ η(ξ). (27)
We are interested in a solution which satisfies the fol-
lowing conditions:
η(0) = η0, η
′(0) = 0, η(ξB) = 0. (28)
A chemical potential µ(ξ) of the system in gravitational
field [50] is such that
µ(ξ) +Aϕ(ξ) = u, (29)
which is needed for further purposes. Taking (27) into
account, µ(ξ) determines a particle density η(ξ) as
µ(ξ) = Bη2(ξ), µ(ξB) = 0. (30)
Combining, µ(ξ) satisfies an equation:
∆ξµ = − A√
B
µ1/2, µ(0) = Bη20 , µ
′(0) = 0. (31)
To compute η (and µ), we first transform ϕ(ξ) as
ϕ(ξ) = −1
ξ
∫ ξ
0
η(s) s2 ds−
∫ ξB
ξ
η(s) s ds
= −υ(ξB) + 1
ξ
∫ ξ
0
υ(s) ds, (32)
where an auxiliary field υ(ξ) is defined by
∂ξυ(ξ) = ξ η(ξ), υ(0) = 0; υ(ξ) =
∫ ξ
0
η(s) s ds. (33)
Thus, Eq. (31) is solved at µ(0) = ν, where new pa-
rameter
ν = Aυ(ξB) + u > 0 (34)
absorbs unknown υ(ξB) due to arbitrariness of u < 0.
Transformation (32) allows us to re-write ΓTF in alter-
native form:
ΓTF
Γ0
=
∫ ξB
0
[
−u η(ξ) + B
3
η3(ξ)
]
ξ2 dξ
−A
2
∫ ξB
0
[υ(ξB)− υ(ξ)]2 dξ. (35)
Here, the contributions of repulsive and attractive inter-
actions are easily recognized.
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FIG. 2: Spatial development of particle density η(ξ) = χ2(ξ)
in the models with both quantum fluctuations (solid) and
in TF approximation (dashed) at A = 10 and the same ini-
tial condition. Black and red curves correspond to B = 20
and B = 30, respectively. For solid curves see the text after
Eq.(60) below.
To obtain (27) by varying (35) with respect to η, we
should take the relations (33) into account. Thus, using
our notations, (27) can be reduced to the set of equations:
∂ξυ(ξ) = ξ η(ξ), υ(0) = 0, (36)
η(ξ) =
√
η20 −
c
ξ
∫ ξ
0
υ(s) ds, η0 =
√
ν
B
, (37)
6where parameters η0 and c = A/B should be given.
Equation (37) indicates that function η(ξ) vanishes at
some ξ = ξB, depended on the parameters used (see
Fig. 2, dashed curves).
In a consistent way, we get at the boundary ξ = ξB :
A
ξB
∫ ξB
0
υ(ξ) dξ = ν, u = − A
ξB
∫ ξB
0
η(ξ) ξ2 dξ. (38)
Therefore, a negative chemical potential u coincides with
the (dimensionless) gravitational potential of a whole sys-
tem at the boundary.
We solve numerically the set of equations (37), using
the Euler’s method, to find fields η(ξ) and υ(ξ). It is
because this set is not integrable analytically.
Particularly, at A = B = ν, what can be achieved by
rescaling, the problem coincides with the Lane–Emden
equation with polytopic index p = 1/2 for θ(ξ) = η2(ξ)
(see (31)):
∆ξθ(ξ) = −θp(ξ), θ(0) = 1. (39)
Note that it has ξexactB ≃ 2.75269805 [49].
In general case, we are interested in looking for macro-
scopic characteristics of the system like an extreme ΓexTF,
obtained from ΓTF by inserting the solution η(ξ).
Technically, varying A, B and ν, functions η(ξ) and
υ(ξ) (together with the values of ξB and υ(ξB)) can be
found (numerically) in accordance with (36) and (37).
Using the relation u = ν−Aυ(ξB) and (35), we are able
to compute ΓexTF and the others.
Finding macroscopic characteristics, we appeal to the
thermodynamic relations at T = 0:
dp(ξ) = η(ξ) dµ(ξ), p(ξB) = 0, (40)
ε(ξ) = η(ξ)µ(ξ) − p(ξ), ε(ξB) = 0, (41)
where functions p(ξ) and ε(ξ) determine the (dimension-
less) mean pressure P and the internal energy E:
P =
3
ξ3B
∫ ξB
0
p(ξ) ξ2 dξ, E =
∫ ξB
0
ε(ξ) ξ2 dξ. (42)
Hereafter, ξ3B/3 represents the volume of the system.
Therefore, we need to integrate firstly the Gibbs–
Duhem relation (40) and to substitute p(ξ) into the Euler
relation (41) in order to find ε(ξ). Thus, one obtains the
explicit expressions:
p(ξ) =
2
3
Bη3(ξ), ε(ξ) =
1
3
Bη3(ξ), (43)
which give us the equation of state by inserting the solu-
tion η(ξ) of (36)–(37).
It is instructive to express the gravitational energy Egr,
Egr =
A
2
∫ ξB
0
η(ξ)ϕ(ξ)ξ2dξ, (44)
the internal energy E and the total energy Etot = E+Egr
in terms of gravitational potential u at the boundary:
uN = −A N
2
ξB
, N =
∫ ξB
0
η(ξ) ξ2 dξ. (45)
Using the auxiliary notations and formulas:
n(ξ) =
∫ ξ
0
η(s) s2 ds, N = n(ξB), (46)
ϕ(ξ) = −N
ξB
−
∫ ξB
ξ
n(s)
s2
ds, (47)
∂ξ
(
n2(ξ)
ξ
)
+
n2(ξ)
ξ2
= 2
n(ξ) ∂ξn(ξ)
ξ
, (48)
1
η(ξ)
∂ξp(ξ) = ∂ξµ(ξ) = −An(ξ)
ξ2
, (49)
one obtains∫ ξB
0
p(ξ)ξ2dξ =
2A
9
N 2
ξB
, Egr = −2A
3
N 2
ξB
, (50)
E =
A
9
N 2
ξB
, Etot = −5A
9
N 2
ξB
, (51)
which agree with the general results [50] for gravitating
systems with polytropic equation of state at T = 0.
IV. THE PROCESSES DRIVEN BY QUANTUM
FLUCTUATIONS
Let us return to the model with the included quan-
tum kinematics, which is initially described by functional
(23). The field equations read
1
2
∆ξχ+ uχ−Aχϕ−Bχ5 = 0, ∆ξϕ = χ2. (52)
We combine the model equations in a spirit of the pre-
vious Section by introducing field υ(ξ). It gives us
2
Γ
Γ0
=
∫ ξB
0
[
(∂ξχ)
2 − u∗ χ2(ξ) + B∗
3
χ6(ξ)
]
ξ2 dξ
−A∗
2
∫ ξB
0
[υ(ξB)− υ(ξ)]2 dξ, (53)
∆ξχ+ νχ− χA∗
ξ
∫ ξ
0
υ(s) ds−B∗χ5 = 0, (54)
∂ξυ(ξ) = ξ χ
2(ξ), υ(0) = 0, (55)
ν = A∗υ(ξB) + u∗, (56)
where A∗ = 2A, B∗ = 2B and ν (instead of u∗ = 2u) are
arbitrary positive parameters. The system boundary ξB
is defined from condition χ(ξB) = 0 and is the first zero
of oscillating function χ(ξ). Of course, the values of ξB
would differ from those in the TF approximation at the
same A and B that can be seen in Fig. 2.
Aiming to obtain a solution with a finite initial value
χ0 = χ(0) < ∞, it is naturally to require χ′(0) = 0. In
7order to obtain a decaying solution (finite for admissible
ξ), we formulate the following conditions which fix χ0.
Expanding χ(ξ) = χ0 + C2ξ
2 + . . . at ξ → 0 and sub-
stituting it in (54), (55), the set of algebraic equations
arises:
6C2 + νχ0 −B∗χ50 = 0,
νC2 − A∗
6
χ30 − 5B∗χ40C2 = 0. (57)
Combining, the initial value χ0 should satisfy the equa-
tion S(A∗, B∗, ν, χ0) = 0, where
S(A∗, B∗, ν, z) = A∗z
2 − (5B∗z4 − ν)(ν −B∗z4), (58)
together with condition 2C2 = χ
′′(0) ≤ 0. These con-
straints limit χ0 as (ν/5B∗)
1/4 < χ0 < (ν/B∗)
1/4.
In practice, three regimes (for given A∗, B∗ and ν) are
observed: 1) no solution; 2) single solution; 3) pair of
(positive) solutions. Usually, for fixed A∗ and B∗, but
increasing ν, the indicated sequence of all three modes
occurs.
The absence of a solution of (57) in step 1) leads to
the only possible solution to the autonomous equation
(54): χ(ξ) = 0. At the stage 2), we obtain a minimal
admissible value νmin. Starting from this threshold, the
system begins to evolve. At the stage 3), one of the values
of χ0, which corresponds to a minimal of these, should
be chosen (because the other leads to divergent χ(ξ)).
Actually, all quantities of the model, computed at fixed
A and B, are supposed to be functions of free parameter
ν. Thus, dependence, say, of a on b should be treated in
parametric form: a(b) = {(b(ν), a(ν))|ν ≥ νmin}.
A possible dependencies of χ0 on ν are shown in
Fig. 3 (a). We present also the values of ξB in Fig. 3 (b),
which are used in order to limit the system size. Partic-
ular distributions of particles at ξ ≤ ξB can be seen in
Fig. 2 (solid lines).
Fig. 3 reveals two different modes of model behavior,
which are separated by a turning point. We assume that
the change of regime is associated with a phase transi-
tion, which we will study. Moreover, the system size in
Fig. 3 (b) does not depend completely on parameters A
and B of interactions (in contrast to [22]), but is affected
also by ν which defines the dominant phase of matter.
For a deeper understanding of the model properties,
let us define a chemical potential µq(ξ) as
µq(ξ) +Aϕ(ξ) − 1
2χ(ξ)
∆ξχ(ξ) = u. (59)
Accordingly to the equation of motion (52), µq deter-
mines χ as
µq(ξ) = Bχ
4(ξ), µq(ξB) = 0. (60)
Replacing µ with µq in (40)–(41), we reproduce the
expressions (43) for the internal energy density ε(ξ) and
the local pressure p(ξ) at η = χ2.
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FIG. 3: Characteristics of χ(ξ) versus parameter ν at A =
10. Black and red lines correspond to B = 20 and B =
30, respectively. Panel (a) represents the initial values χ0
determined from (57). Panel (b) shows the values of first
zero, when χ(ξB) = 0. These are built at ν
black
min ≃ 2.066 and
νredmin ≃ 1.805 found numerically.
Internal pressure p(ξ) evolves spatially as
∂ξp(ξ)
η(ξ)
= ∂ξµq(ξ) = −An(ξ)
ξ2
+∂ξ
(
1
2χ(ξ)
∆ξχ(ξ)
)
, (61)
what is in contrast with (49) in the TF approximation.
This is a complicated hydrostatic equation (similar to
Eq. (15) in [51]), and we intend to find its solution. More-
over, all necessary fields can be found directly on the base
of (54)–(56).
Nevertheless, (61) says that internal pressure p is bal-
anced by the resulting pressure caused by gravity and
quantum fluctuations. It is interesting to evaluate the
contributions of these effects.
To do this, we turn to more simple and known rela-
tions:
p =
2
3
Bχ6 =
2
3
[
1
2
χ∆ξχ+ uχ
2 −Aχ2ϕ
]
, (62)
where (52) is inserted.
Since the chemical potential u consists here of two
parts, accordingly to (56), we introduce the following
components of pressure:
pν =
1
3
(
χ∆ξχ+ νχ
2
)
, (63)
pgr = −2
3
Aη [υ(ξB) + ϕ(ξ)] , (64)
8which give us pν + pgr = p by construction. We can
see that pν ∼ χ2 and corresponds to the wave fluctua-
tions, regulated by free parameter ν, while pgr ∼ χ4 and
describes pair interaction which is controlled by gravita-
tional constant G absorbed by parameter A.
Average value of pressure pgr is given by expression:
V Pgr = −2
3
A
∫ ξB
0
υ(ξ)[υ(ξB)− υ(ξ)] dξ < 0. (65)
This means that the pressure created by interactions is
P − Pgr > 0. At the same time, Pν > 0 supports the
pressure inside the system. From another point of view,
action of Pν (mean value of pν) is equivalent to external
influence on the system.
Let us show how pν can be related with an external
field h of Landau theory [50]. First of all, we assume
that the unperturbed theory is given by ΓTF. Associating
a perturbation with including quantum fluctuations and
field ν, given by hands, a perturbation part of a total
functional Γ is presented in the form:
2
Γpert
Γ0
= −
∫ ξB
0
η(ξ)h(ξ) ξ2dξ, (66)
h(ξ) =
1
χ(ξ)
∆ξχ(ξ) + ν. (67)
Therefore, the equation of motion here reads
(δΓ/δη(ξ))h=const = 0, what leads to (52). It im-
mediately means also that the particle density η(ξ) is an
order parameter (conjugated to h) of such a theory. To
assign a physical meaning to this perturbation, we see a
product η(ξ)h(ξ) is nothing but the pressure pν .
Often phase transitions are associated with changes
of intensive parameters like temperature and pressure
(in the absence of magnetic and electric fields). Since
T = 0 in our model, changes are stimulated by pressure.
Microscopically, our assumption of a phase transition in
the model can now be justified by the presence of a per-
turbation Pν related to quantum fluctuations as well as
the form of interaction that allows the existence of two
nonequivalent phases of matter.
V. THERMODYNAMICAL QUANTITIES AND
TWO PHASES OF DARK MATTER
To analyze the macroscopic properties of the model,
we use a set of dimensionless quantities:
P =
2B
ξ3B
∫ ξB
0
χ6(ξ) ξ2dξ, (68)
Πν = − (B/A)
ξ3B
∫ ξB
0
[
(∂ξχ(ξ))
2 − νχ2(ξ)] ξ2dξ, (69)
σ =
3
ξ3B
∫ ξB
0
χ2(ξ) ξ2dξ, (70)
τ =
3
ξ3B
∫ ξB
0
(∂ξχ(ξ))
2ξ2dξ, (71)
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FIG. 4: Discontinuity of mean density σ at fixed A = 10,
B = 20 and at varying ν (a) and Πν (b). Panel (b) shows
the metastable (AB and A′B′) and unstable (BB′) states.
Straight line AA′ is constructed by the Maxwell rule. The
connections between key points in Panel (b) are schematically
transferred to Panel (a).
which are obtained by averaging over volume V = ξ3B/3
of p(ξ) (internal pressure), (B/A) pν(ξ) (perturbation
pressure rescaled for convenience), η(ξ) = χ2(ξ) (parti-
cle density), and −χ(ξ)∆ξχ(ξ) (measure of fluctuations),
respectively. Since the functions of our interest are de-
pended on ν, χ0 and ξB, we also pay attention to their
behavior. We omit consideration of the quantities as-
sociated with the already given, such as internal energy
E = P/2.
To convert the dimensionless quantities τ , ε, p, P and
Πν into physical units, we should multiply these by ε0
from (25). The value of mean mass density is ρ0σ.
Before a detailed description of the processes in the
system, we want to check the hypothesis of a phase tran-
sition. Since the only characteristic of matter here is its
density σ, let us trace its changes under different (exter-
nal) factors like ν and Πν . Results of numerical calcula-
tions are presented in Fig. 4. Note immediately that the
dependence of σ on measure of fluctuations τ (given by
graphic σ(τ) = {(τ(ν), σ(ν))|ν ≥ νmin}) looks similar to
Fig. 4 (a) and, thus, is omitted here.
First of all, we note a steep change of σ(ν) in Fig. 4 (a)
at νmin ≃ 2.066. As was argued above, χ(ξ) = 0 and, as
a result, σ = 0 at ν < νmin, while σ(νmin) > 0. It
9can be interpreted as a first-order phase transition. This
phenomenon appears due to the rule of finding initial
condition χ0 (57). However, this is not a subject of our
study. More interesting for us is a behavior of the matter
near a turning point O, that is, at ν → νmin.
To understand the processes near the point O, we ap-
peal to Fig. 4 (b). Indeed, backbending in Fig. 4 (b) re-
veals the first-order phase transition, which exhibits exis-
tence of ”gaseous” and ”liquid-like” phases of the matter.
This process differs from the familiar boiling water due
to our consideration of the quantum system at T = 0 and
the mechanism which is based on quantum fluctuations
or, alternatively, associated with compression Πν (that
may be convenient further when considering variations
in macroscopic parameters).
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FIG. 5: Dependence of dimensionless characteristics on Πν
at A = 10. Black and red lines correspond to B = 20 and
B = 30, respectively.
The characteristics, computed numerically, are de-
picted in Fig. 5 and behave as multivalued functions of
Πν . These graphics represent isotherms at T = 0. Vary-
ing the parameter B (and A), we can conclude that the
region of backbending presence, projected onto Πν axis,
remains the same due to scale factor B/A, appeared
by defining Πν . It means that there is no possibility
to achieve the critical point of phase transition, when
∂Πν/∂f = 0 and ∂
2Πν/∂f
2 = 0 simultaneously for any
f of these functions, by changing B (and A). Comparing
with water, in this model there is no natural parameter
analogous to temperature, the increase of which would
lead to boiling. We admit that by considering T > 0, one
cannot also observe a similar process, because a vapor-
ization temperature here is expected to be much higher
than the critical temperature of the condensate and to be
comparable (in the energy units) with the gravitational
energy of the system. Nevertheless, Fig. 5 allows us to
extract the conditions of transition between gaseous and
liquid-like phases at T = 0, if such a situation is realized
in nature.
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FIG. 6: Behavior of incompressibility K−1 and internal pres-
sure P at A = 10. Black and red lines correspond to B = 20
and B = 30, respectively.
Considering Πν as external compression for conve-
nience and omitting a physical interpretation of the re-
gion of instability (like BB′ in Fig. 4), Fig. 5 permits to
conclude the following. By intensifying the compression
Πν , starting from the minimum, we can see the size ξB
(b) of the system decreases, and the mean density σ (c)
increases throughout the process. At the same time, the
central density χ20 (see (f)) and fluctuations τ (a) do not
noticeably change at the first stage, but begin to grow
significantly after the transition to a more dense, liquid-
like phase. A similar behavior is observed for chemical
potential u (e) and internal pressure P (see (d), where
curves with different B overlap). As it could be expected
the point of two phases coexistence, u = 0, lies in the
instability region.
Note that in all the figures wherein the dependence on
compression Πν is involved, we observe the common fea-
ture — existence of the same pair of special/distinguished
values of Πν , that is Π
(1)
ν ≃ 9.65 × 10−3 and Π(2)ν ≃
13.65×10−3 in dimensionless units (or, in physical units,
Π
(1)
ν ≃ 5.23 × 10−14 Pa and Π(2)ν ≃ 7.40 × 10−14 Pa).
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Due to that, the curves are separated in three regions
of qualitatively differing behavior: two “normal” parts
filled with stable states of the system, which correspond
to compressions such that Πν ≤ Π(1)ν and Πν ≥ Π(2)ν re-
spectively, and the interval/region of instability. As seen
from the figures, for the latter interval there appears an
obvious back-bending which shows the opposite behav-
ior of the considered functions as compared to the normal
(stable) parts of the curves.
Our results predict significant fluctuations τ in the
denser state of dark matter. Physically, this is due to the
increasing role of repulsion χ6 among particles by grow-
ing σ. Although, associating τ with the effective temper-
ature, the liquid-like phase of DM can be assumed to be
in thermalized state what is already noted in [52] within
the SIDM model. A simultaneous increase in “tempera-
ture” τ and density σ resembles the behavior of water in
the temperature range t = 0÷ 4 C.
Isothermal compressibility K, playing a role of suscep-
tibility, and its inverse K−1 (the latter being the same as
the speed of sound squared), defined here as
K =
∂σ
∂Πν
, K−1 =
∂Πν
∂σ
, (72)
are also important characteristics and can be computed
numerically (with high precision loss) by using dependen-
cies in Fig. 5 (c). The result is sketched in Fig. 6 (a).
The most important positive (or regular) part, with
K−1 > 0, consists of two branches which describe the
two distinct phases of matter with their individual prop-
erties. It is interesting to remark that the incompressibil-
ity behaves like a constant for lower values of compres-
sion, say for Πν ≤ Π(1)ν , whereas it shows rising property
for higher values when Πν grows, including the region
with Πν > Π
(2)
ν .
On the other hand, there is a negative part of incom-
pressibility, K−1 < 0, that means the instability region,
which corresponds to the intermediate values of com-
pression, i.e. for Π
(1)
ν < Πν < Π
(2)
ν . Using equilibrium
statistics, this is usually neglected in the physical picture.
However, as shown in some papers, there exist in reality
the structures (materials) characterized by negative K,
see e.g. [53–56]. Besides, as some works demonstrate, the
vanishing value of effective speed of sound (that would
happen in our model at Πν = Π
(1)
ν and Πν = Π
(2)
ν ), may
be also of importance [57]. Therefore, the peculiar insta-
bility region, together with vanishing property in some
points, may be taken into account more seriously in the
context of present model, and the physical meaning of all
these unusual properties deserves more detailed study.
Dependence of internal pressure P (and internal en-
ergy E) on mean density σ in Fig. 6 (b) indicates rather
a second-order phase transition with a turning point at
∂2P/∂σ2 = 0. Studying numerically the dependencies
P on σ for different values of A and B, which are not
shown here, the presence of a backbending (accompany-
ing a first-order phase transition) was not confirmed.
Thus, the visualized equation of state also reveals two
phases. However, it does not permit us to explain in
details a mechanism of phase transition. Moreover, in-
creasing a parameter B, the system jumps into liquid-like
phase at smaller values of σ. This probably witnesses en-
hanced role of three-particle interaction.
There is one further feature of the role of parameter B
(at fixed A < B) clearly seen from Figs. 2,3,5,6. Namely,
its influence on the studied thermodynamical quantities
is the following: the greater is (the value of) B the
higher are the quantities ξB(Πν), K
−1(Πν) and P (σ);
on the contrary, regularity is inverse for the density η(ξ),
χ0(Πν), χ0(ν), ξB(ν), τ(Πν ), u(Πν) and σ(Πν). At last,
there is special case — the quantity P (Πν), see Fig. 5d,
which shows (almost) no dependence on the value of B.
Adiabatic speed of sound cs can be found (in physical
units) as
cs =
√
ε0
ρ0
∂p
∂η
∣∣∣∣∣
η=χ2
0
=
~
√
2B
mr0
χ20. (73)
Thus, the magnitude of cs is evaluated as
cs ≃ 2.36 · 106 cm
s
·
[
A
10
]−1/4
·
[
B
20
]1/2
·
[ χ0
0.4
]2
·
[
mc2
10−22 eV
]−1/2
·
[
ρ0
10−20 kg ·m−3
]1/4
. (74)
This value is in accordance with the predictions of other
models [51].
VI. CONCLUDING REMARKS
The results obtained above witness clearly that the
inclusion of sixth order repulsive self-interaction of ul-
tralight dark matter within the particular modification
of Gross–Pitaevskii equation leads to highly nontrivial
properties of BEC DM and thus to unexpected galactic
core structure and dynamics.
There is a principal issue of whether the BEC dark
bosons are viewed as elementary or composite: the an-
swer to this could give some guess towards revealing
the nature of dark matter. If deformed bosons are
dealt with, then (i) some additional interaction between
bosons, besides the familiar pure bosonic attraction of
quantum-statistical origin, can be effectively taken into
account [58], also (ii) a rather simple effective account of
compositeness aspects is as well at our disposal [59–61],
and (iii) these two issues can be treated jointly [62–64].
It is important to emphasize that compositeness and the
related deformation significantly affect [43, 65] the criti-
cal temperature of condensation, depending on the con-
stituent particles so that the case of Bose-Bose compos-
ites basically differs from that of Fermi-Fermi composites.
As mentioned in the Introduction, the nontrivial phase
structure of the core in the central part of DM halo was
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noticed in the work of Chavanis [17] (namely the exis-
tence of dilute and dense phases, and the related zero’s
order phase transition seen through the mass-radius re-
lation). Unlike that, in the present work we have demon-
strated both the presence of two phases (consisting of
stable, metastable, and unstable branches) and of the
first-order phase transition.
It was already pointed out that phase transitions in
dark matter can trigger gravitational waves [66–68]. Es-
pecially if one takes into account that the nontrivial
phase structure can even more naturally occur when we
deal with the colliding (or merger of) two galaxies, see
e.g. [68–70]. In this context, it would be interesting
to investigate possible generation of gravitational waves
caused by the phase transitions (in DM core) of the form
described in this paper, possibly with extension of the
model through inclusion of dynamical aspects. Till that
will be performed, the results described above, in par-
ticular those visualized in Figs. 3-6, can be viewed as a
“screen-shot” (or fixed-time slice) of the whole picture.
The complete dynamics (continuous time evolution) is
obviously needed, and separate work will be devoted to
this subject.
No doubt of importance is the necessity to consistently
study the simultaneous presence of both quartic and sex-
tic terms in the scalar potential. If the both term are
repulsive, the inclusion of the 4th order term should
somewhat enhance the effects of the sixth order self-
interaction term studied above. Not less interesting and
important task is to establish the exact nature (structure)
of the appearing two distinct phases manifested by the
DM core. To this end, the role of three-particle interac-
tions should be studied within the quantum-mechanical
framework. In this context, knowledge of the second
and third virial coefficients of µ˜, q-deformed Bose gas
model [64] could be helpful. We hope to report on such
results elsewhere.
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